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ABSTRACT
A newly developed numerical model is used to simulate propagating cracks in a strain softening viscoplastic
medium. The model allows the simulation of displacement discontinuities independently of a finite element
mesh. This is possible using the partition of unity concept, in which fracture is treated as a coupled problem,
with separate variational equations corresponding to the continuous and discontinuous parts of the displace-
ment field. The equations are coupled through the dependence of the stress field on the strain state. Numerical
examples show that allowing displacement discontinuities in a viscoplastic Von Mises material can lead to a
failure mode that differs from a continuum-only model.
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INTRODUCTION
Two distinct stages can be identified in the failure of quasi-brittle and ductile materials. The first stage in-
volves the localisation of inelastic deformations into narrow zones. Later in the loading process, macroscopic
displacement discontinuities across surfaces can be identified. Depending on the ductility of the material,
this occurs at a point between the peak load and complete global failure. Computationally, failure is usually
simulated using a continuum (regularised strain softening) or a discontinuous (cohesive zone, LEFM) model.
Continuum models are well suited for modelling the inelastic deformations that develop early in the loading
process, but are unable to represent the free surfaces that develop in a body prior to complete failure. Dis-
continuous models are well-suited for highly localised failure, but less adept at representing the distributed
inelastic deformations near the peak load in quasi-brittle materials and the substantial plastic flow that occurs
during the failure of ductile materials. A model is presented which is able to capture both stages of the failure
process. Initial inelastic deformations are represented in the continuum using a regularised strain softening
model, and the later development of discrete surfaces within a body is simulated by inserting a displacement
discontinuity.
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Figure 1: Body Ω crossed by a single discontinuity Γd .
To simulate strain softening in the continuum, a regularised continuum model must be used. In this work, a
Perzyna viscoplastic model is used [1]. When the inelastic deformation at the tip of a discontinuity reaches
a critical level, the discontinuity is extended. A displacement discontinuity is added to the underlying finite
element interpolation basis using the partition of unity concept [2, 3]. Using the partition of unity concept,
a displacement discontinuity can be modelled by adding extra degrees of freedom to existing nodes. The
displacement field is decomposed into a continuous and a discontinuous part, with ‘regular’ nodal degrees of
freedom representing the continuous part of the displacement field and ‘enhanced’ nodal degrees of freedom
representing the discontinuous part of the displacement field. This method has been used successfully for
simulating cracks in elastic bodies [4] and cohesive cracks under both static [5] and impact [6] loading.
To elaborate the model, the kinematics of a body crossed by a displacement discontinuity are first discussed.
Aspects of introducing a displacement discontinuity in an inelastic continuum are then considered and the
model is demonstrated through several numerical examples. The numerical examples highlight the influence
of including a displacement discontinuity on the failure mode for a Von Mises material.
INCLUDING A DISPLACEMENT DISCONTINUITY
The proposed formulation allows a displacement discontinuity to be added to a finite element model, indepen-
dently of the spatial discretisation. Rather than explicitly modelling a discontinuity through the mesh structure,
a displacement jump is described mathematically using the Heaviside function.
Discontinuous displacement field
The displacement field u for a body crossed by multiple, non-intersecting displacement discontinuities can be
described by:
u

x  t  uˆ
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k
∑
i  1
	
Γd 
 i

x  u˜i
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where uˆ and u˜i are continuous functions,
	
Γd 
 i
is the Heaviside function centred at the ith discontinuity and k
is the number of discontinuities. A body, crossed by a single discontinuity is shown in figure 1. The Heaviside
jump is defined as 	 Γd

x  1  x  Ω  and
	
Γd

x  0  x  Ω  , where the domains Ω  and Ω  are shown
in figure 1. The magnitude of the displacement jump at the ith discontinuity  u  i is given by u˜i  x  Γd 
 i . Taking
the symmetric gradient of equation (1), the strain field for the geometrically linear case is given by:
ε  ∇su  ∇suˆ 
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with δΓd  i the Dirac-delta distribution centred at the ith displacement discontinuity and n is the normal vector
to the discontinuity.
Variational formulation
The proposed model can be interpreted as a coupled problem, with one equation describing the continuous part
of the displacement field, uˆ, and a second describing the discontinuous part of the displacement field,
	
Γd
u˜.
Following a Galerkin procedure, the weak governing equations can be formed by inserting the displacement
decomposition in equation (1) into the virtual work equation. After some manipulations, two weak governing
equations can be formed for a body crossed by a single discontinuity [5]:
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ηˆ    ¯t dΓ
Ω
∇sη˜ :σ 
Γd
η˜    t 
	
Γu Γd
η˜    ¯t dΓ
(3)
where ηˆ and η˜ are admissible displacement variations, t is the traction acting at a discontinuity Γd and ¯t
are tractions acting on the external boundary Γu. The unbounded Dirac-delta term has been eliminated by
changing the volume integral containing the distribution to a surface integral over Γd .
Finite element implementation
The weak governing equations in equation (3) are solved in a similar manner to a coupled problem. Different
sets of nodal degrees of freedom are used to represent the continuous and the discontinuous parts of the
displacement field. In a discretised format, the displacement field is given by:
u  Na
uˆ

	
Γd
Nb
u˜
(4)
where N is the standard matrix containing the element shape functions and the vectors a and b relate to the
continuous and discontinuous parts of the displacement field, respectively. The discretised weak governing
equations are formed by inserting the discretised displacement field in equation (4) and its gradient into equa-
tion (3).
The extra b degrees of freedom are added only to nodes close to a discontinuity. If the support of a node is
crossed by a discontinuity, the b degrees of freedom are activated to describe the discontinuity. The addition
of extra degrees of freedom to nodes whose support is not crossed by a discontinuity leads to a global stiffness
matrix which is not positive definite since over the support of the node the Heaviside function is equivalent to
a constant function, which is included in the span of the standard shape functions.
SIMULATING THE CONTINUUM-DISCONTINUOUS TRANSITION
A displacement discontinuity is extended when the inelastic deformation in the continuum at a discontinuity
tip reaches a critical level. For the Perzyna viscoplastic model, a discontinuity is extended when the yield
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Figure 2: Three-point bending beam. All dimensions in millimetres (depth = 1mm).
strength of the underlying rate-independent model is exhausted. At this stage, the material is considered to
have lost all coherence. Therefore, no tractions can be transmitted across an opening discontinuity. Since the
rate-dependent constitutive model remains well-posed, it is not possible to draw on linear stability analysis
to determine a discontinuity propagation direction. Therefore, a discontinuity is assumed to extend in the
direction in which the effective stress is maximum. This is determined by a spatial weighting procedure
around a discontinuity tip [7, 8]. Using an effective stress to determine the propagation direction is dependent
on the chosen yield function and makes the procedure equally applicable to both mode-I and mode-II failure
problems [8].
NUMERICAL EXAMPLES
To illustrate the combined continuum-discontinuous model, a three-point bending test (figure 2) is performed
for a Von Mises material. A discontinuity propagates from a 0  5 mm long initial cut at the centre of the beam at
the bottom edge. The material properties are initially taken as: Young’s modulus E  1  102 MPa, Poisson’s
ratio ν  0  2, yield stress σ¯  1 MPa, viscosity η  2 s and the hardening modulus h  200 Nmm

2
. The
beam is loaded via a constant downward velocity of 1 mms

1
, applied at the centre of the beam on the top edge.
The analyses are performed under plane strain conditions and the six-noded triangle is used as the underlying
finite element.
To illustrate the objectivity of the model with respect to finite element mesh structure, the beam is analysed
using two different meshes. The first is a structured mesh composed of 4750 elements and the second is an
unstructured mesh composed of 3631 elements. Figure 3 shows the equivalent plastic strain field and the
discontinuity path for the two meshes near complete failure. The size and shape of the plastic zones are the
same and a discontinuity has propagated through the beam towards the loading point. To examine more closely
the failure mode, the evolution of the equivalent plastic strain field and displacement discontinuity are shown
in figure 4. The failure mode is clearly mode-I dominated. A discontinuity propagates through the beam, with
a plastic hinge forming only at the last stage of failure.
To highlight the influence of including a displacement discontinuity, the three-point bending test is re-analysed
with an initial discontinuity which is not allowed to extend. The equivalent plastic strain field for this case is
shown in figure 5. The failure mode differs fundamentally from the case of a propagating discontinuity. The
beam has failed through the development of a plastic hinge, with the centre of the beam remaining elastic.
The difference in response is due to the plastic incompressibility constraint for the continuum plasticity model.
The introduction of a discontinuity implies the complete failure of the material and therefore no volumetric
constraint can exist, making mode-I opening possible.
The three-point bending test is again analysed for a propagating discontinuity, but now for an increased hard-
ening modulus of h ﬀ 20 Nmm  2, ten times greater than for the previous example. The evolution of the
equivalent plastic strain and the displacement discontinuity for this case are shown in figure 6. The failure
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Figure 3: Equivalent plastic strain contours and discontinuity path for three-point bending test under plane
strain conditions at u  0  4 mm with (a) structured and (b) unstructured meshes.
u ﬁ 0 ﬂ 05 mm u ﬁ 0 ﬂ 1 mm u ﬁ 0 ﬂ 15 mm u ﬁ 0 ﬂ 2 mm
u ﬁ 0 ﬂ 25 mm u ﬁ 0 ﬂ 3 mm u ﬁ 0 ﬂ 35 mm u ﬁ 0 ﬂ 4 mm
Figure 4: Evolution of equivalent plastic strain contours and discontinuity for the three-point bending test
under plane strain conditions.
mode for this example is different than that for the more brittle beam in figure 4. Rather than mode-I, the
failure mode of the ductile beam is mode-II. The discontinuity has extended over only a short distance and
a plastic hinge has formed. This example shows that when a discontinuity is introduced, for a Von Mises
material the hardening modulus influences the failure mode.
CONCLUSIONS
Numerical examples have been presented which show the influence of including a propagating displacement
discontinuity when simulating failure in a Von Mises material. The inclusion of a displacement discontinuity
allows cleavage opening modes which are restrained by a continuum-only model through the plastic incom-
pressibility constraint. The inclusion of a discontinuity makes mode-I dominated failure possible when using
Figure 5: Equivalent plastic strain contours for a stationary discontinuity at u  1 mm for the Von Mises yield
surface.
u ﬁ 0 ﬂ 1 mm u ﬁ 0 ﬂ 2 mm u ﬁ 0 ﬂ 3 mm u ﬁ 0 ﬂ 4 mm
u ﬁ 0 ﬂ 5 mm u ﬁ 0 ﬂ 6 mm u ﬁ 0 ﬂ 7 mm u ﬁ 0 ﬂ 8 mm
Figure 6: Evolution of equivalent plastic strain contours and discontinuity for the three-point bending test
under plane strain conditions for a ductile beam. The hardening modulus h is equal to -20 Nmm  2.
a continuum model that obeys a Von Mises flow rule.
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